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2. DEFINITION OF $TSUZUKI’ S$ REGULARIZED PERIODS
$F$ $\Sigma_{F}$ $\Sigma_{\infty }$
$\Sigma fin$ $G=GL(2)$
$( G_{\mathbb{A}}=GL(2, \mathbb{A}),$ $G_{F}=GL(2_{-}.$ $F)$ $)$





$[a, b]\subset(-C, C)$ $l>0$
$\mathcal{B}$ $\mathbb{C}$
$\beta$ $C>0$ $\beta$ $D_{C}$
$\mathcal{B}(C)$
$\beta\in \mathcal{B},$ $t>0,$ $\lambda\in \mathbb{C}$ :
$\hat{\beta}_{\lambda}(t) :=\frac{1}{2\pi i}\int_{\sigma-i\infty}^{\sigma+i\infty}\frac{\beta(z)}{z+\lambda}t^{z}dz, (\sigma>-{\rm Re}(\lambda))$.
1826 2013 199-213 199
$\varphi$ : $G_{F}\backslash G_{A}arrow \mathbb{C},$ $\beta\in \mathcal{B},$ $\lambda\in \mathbb{C}$ $\mathbb{A}^{\cross}/F^{x}$ Hecke $\eta$
$P_{\beta,\lambda}^{\eta}( \varphi):=\int_{F^{\cross}\backslash A^{\cross}}\{\hat{\beta}_{\lambda}(|t|_{A})+\hat{\beta}_{\lambda}(|t|_{A}^{-1})\}$
$\cross\varphi((\begin{array}{ll}t 00 1\end{array})(\begin{array}{ll}1 x_{\eta}0 1\end{array}))\eta(t)\eta fin(x_{\eta,fi_{11}})d^{\cross}t$
$d^{\cross}t$ # $\mathbb{A}^{\cross}$ “ “ Haar $|\cdot|_{A}$
$x_{\eta}$ $\eta$
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$\bullet$ $\beta\in \mathcal{B}$ $C\in \mathbb{R}$ ${\rm Re}(\lambda)>C$
$P_{\beta,\lambda}^{\eta}(\varphi)$











$\beta\in \mathcal{B}$ $\lambda\in \mathbb{C}$
$\lambdaarrow P_{\beta,\lambda}^{\eta}(\varphi)$
$\sigma>0$
$P_{\beta,0}^{\eta}( \varphi)=\int_{F^{x}\backslash A^{\cross}}\{\frac{1}{2\pi i}(\int_{\sigma-i\infty}^{\sigma+i\infty}-\int_{-\sigma-i\infty}^{-\sigma+i\infty})\frac{\beta(z)}{z}|t|_{A}^{z}dz\}$
$\cross\varphi((\begin{array}{ll}t 00 1\end{array})(\begin{array}{ll}1 x_{\eta}0 1\end{array}))\eta(t)\eta fin(x_{\eta,fin})d^{\cross}t$
$\frac{1}{2\pi i}(\int_{\sigma-i\infty}^{\sigma+i\infty}-\int_{-\sigma-i\infty}^{-\sigma+i\infty})\frac{\beta(z)}{z}|t|_{A}^{z}dz=\beta(0)$






$\prod_{v\in\Sigma_{F}}K_{v}$ $K_{\infty}:=\prod_{v\in\Sigma_{\infty}}K_{v}$ $v\in\Sigma fin$ $n\in \mathbb{N}_{0}$
$K_{0}(\mathfrak{p}_{v}^{n}) :=\{(\begin{array}{ll}a bc d\end{array})\in K_{v}c\equiv 0(mod \mathfrak{p}_{v}^{n})\}$
$\mathfrak{o}_{F}$
$\mathfrak{a}$ $K_{0}(\mathfrak{a})$ $:=\Pi_{v\in\Sigma fin}K_{0}(\mathfrak{a}\mathfrak{o}_{v})$
$(\pi, V_{\pi})$ $G_{A}$







( ) $\eta$ $(\star)$ $\mathbb{A}^{\cross}/F^{\cross}$
Hecke :
$(\star)\{\begin{array}{l}v\in\Sigma_{\infty}\Rightarrow\eta_{v}=||_{v^{v}}^{t} t_{v}\in i\mathbb{R} \grave{}\eta f_{\eta} n \end{array}$
$\mathbb{R}_{>0}\ni yarrow\underline{y}=(\underline{y}_{v})_{v\in\Sigma_{F}}\in$
$\mathbb{A}\cross$ ( $v\in\Sigma_{\infty}$
$\underline{y}_{v}=y^{1/[F:\mathbb{Q}]}$ $v\in\Sigma fin$ $\underline{y}_{v}=1)$ $\mathbb{R}_{>0}$
$\mathbb{A}^{\cross}$
Hecke $\mathbb{R}_{>0}$
Theorem 1. $\rho$ $P_{reg}^{\eta}(\varphi_{\pi,\rho})$
$Q_{\pi,\rho}(\eta)\in \mathbb{C}^{\cross}$
$P_{reg}^{\eta}(\varphi_{\pi,\rho})=Q_{\pi,\rho}(\eta)L(1/2, \pi\otimes\eta)$
$L(\mathcal{S}, \pi\otimes\eta)$ $\pi\otimes\eta$ $L$
Remark 2. $\rho$ $Q_{\pi,\rho}(\eta)\neq 0$
$n$ $\mathfrak{o}_{F}$
$\mathbb{A}^{\cross}/F^{\cross}$ Hecke $\chi$ $(\star\star)$
$(\star\star)\{\begin{array}{l}v\in\Sigma_{\infty}\Rightarrow\chi_{v}=||_{v^{v}}^{s} s_{v}\in i\mathbb{R} \chi f_{\chi}^{2} \mathfrak{n} \end{array}$
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$G$ Borel $B$ $\nu\in \mathbb{C}$
$I(\chi|\cdot|_{A}^{\nu/2})$ $:=Ind_{B_{A}}^{G_{A}}(\chi|\cdot|_{A}^{\nu/2}\otimes\chi^{-1}|\cdot|_{A}^{-\nu/2})$
$K$- $f$ : $G_{A}arrow \mathbb{C}$
:





$\langle$ ” ( ) $v\in i\mathbb{R}$
$K$ $I(\chi||_{A}^{\nu/2})$ $G_{A}$-
$\rho$ f Eisenstein





$f_{\chi}$ $N(f_{x})$ Eisenstein $E_{\chi,\rho}(\nu, g)$ $\eta$-
Theorem 3. $\eta$ $\mathbb{A}^{\cross}/F^{\cross}$ Hecke $(\star)$






Remark 4. $F$ $\mathfrak{n}$ square free Theorem 1
Theorem 2 [9]
4. NOTATION
$v\in\Sigma_{F}$ $F$ $v$ $|\cdot|_{v}$
$v\in\Sigma fin$ $\mathfrak{o}_{v }$
$\mathfrak{p}_{v}$




$\mathfrak{a}$ $S(\mathfrak{a})$ $\mathfrak{a}\mathfrak{o}_{v}\subset \mathfrak{p}_{v}$ $v\in\Sigma fin$
$k\in \mathbb{N}$ $S_{k}(\mathfrak{a})$ $\mathfrak{a}\mathfrak{o}_{V}=\mathfrak{p}_{v}^{k}$ $v\in S(\mathfrak{a})$
$S(\mathfrak{a})=\square _{k=1}^{n}S_{k}(\mathfrak{a})(n$ $S_{m}(\mathfrak{a})\neq\emptyset$
$m$ ) $\mathfrak{a}$ $N(\mathfrak{a})$
$\mathbb{A}/F$ $\psi=\otimes_{v\in\Sigma_{F}}$ $v\in\Sigma fin$
$\psi$ $\mathfrak{p}_{v}^{-d_{v}}$ $v\in\Sigma_{F}$ $dx_{v}$
$F_{v}$ self-dual Haar $v\in\Sigma fin$ $F_{v}^{\cross}$
Haar $d^{\cross}x$ $=(1-q_{v}^{-1})^{-1}dx_{v}/|x_{v}|_{v}$ $\mathbb{A}^{\cross}$ Haar
$d^{\cross}x=\Pi_{v\in\Sigma_{F}}d^{\cross}x_{v}$





$A^{\cross}/F^{\cross}$ $\chi=\prod_{v\in\Sigma_{F}}\chi_{v}$ $\chi fin:=$
$\prod_{v\in\Sigma fin}\chi_{v}$ $\chi$ Gauss
$\mathcal{G}(x):=\prod_{v\in\Sigma fin}\mathcal{G}(\chi_{v})$
5. THE SKETCH OF THE PROOF OF THEOREM 1
Theorem 1 $\pi$
$V_{\pi}^{K_{\infty}K_{0}(\mathfrak{n})}\neq 0$ $\pi\cong$
$\otimes_{v\in\Sigma_{F}}\pi_{v},$ $V_{\pi}\cong\otimes_{v\in\Sigma_{F}}V_{\pi}$ $v\in\Sigma_{F}$ $\pi_{v}$
$V_{\pi_{v}}$ $\psi$ $\pi_{v}$ Whittaker model
$F_{v}^{\cross}$
$\eta_{v}$ $\phi\in V\pi$
$Z(s, \eta_{v}, \phi)=\int_{F_{v}^{\cross}}\phi(\begin{array}{ll}t 00 1\end{array}) \eta_{v}(t)|t|_{v}^{s-1/2}d^{\cross}t, \mathcal{S}\in \mathbb{C}$




$\langle W_{1}|W_{2}\rangle=C_{v}\int_{F_{v}^{\cross}}W_{1}(\begin{array}{ll}t 00 1\end{array}) \overline{W_{2}(\begin{array}{ll}t 00 1\end{array})}d^{\cross}t,$ $W_{1_{i}}W_{2}\in V_{\pi_{v}}$




$v\in\Sigma_{\infty}$ $\pi_{v}$ $K_{v}$-spherical unitarizable
$(\mathfrak{g}_{v},K_{v})$ $\mathfrak{g}_{v}$ $G_{F_{v}}$
Lie
Proposition 5. $V_{\pi_{v}}^{K_{v}}$ spherical
$\phi_{0,v}\in V_{\pi_{v}}^{K_{v}}$ $\eta_{v}=|\cdot|_{v^{v}}^{t},$ $t_{v}\in \mathbb{C}$ ,
$Z(s, \eta_{v}, \phi_{0,v})=L(s, \pi_{v}\otimes\eta_{v})$
(cf. [3, Proposition 3.4.6], [10, Proposition (2.3.14)])
$v\in\Sigma fin$ $\pi_{v}$ $G_{F_{v}}$
unitarizable $v_{\pi_{v}}^{K_{0}(\mathfrak{p}_{v}^{n})}$ $n$
nonzero $c(\pi_{v})$ $:= \min\{n\in \mathbb{N}_{0}|V_{\pi_{v}}^{K_{0}(\mathfrak{p}_{v}^{n})}\neq 0\}$
$GL(2)$ local new form (cf. $[5, p3],$ $[6],$
[7, Theorem 11. $13$] $)_{0}$
Proposition 6. $V_{\pi_{v}}^{K_{0}(\mathfrak{p}_{v}^{c(\pi_{v})})}$ $1$ $n\in \mathbb{N}_{0}$










(1) $\{c_{\pi_{v}}(k,j)\}_{1\leq k\leq n,0\leq j\leq k-1}$
$\phi_{k,v}=\pi_{v}(\begin{array}{ll}\varpi_{v}^{-k} 00 1\end{array}) \phi_{0,v}-\sum_{j=0}^{k-1}c_{\pi_{v}}(k,j)\phi_{j,v}, k\in\{1, \ldots, n\}$
(2) $G_{F_{v}}$ - $(\cdot$ $|$ . $)$
$\{\phi_{0,v}, \ldots, \phi_{n,v}\}$ $V_{\pi_{v}}^{K_{0}(\mathfrak{p}_{v}^{n})}$
$\{c_{\pi_{v}}(k,j)\}_{1\leq k\leq n,0\leq j\leq k-1}$ 2
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Corollary 8. $n\in \mathbb{N}$
$\bullet$ $c(\pi_{v})\geq 2$ $c_{\pi_{v}}(n, k)=0(0\leq\forall k\leq n-1)$
$\bullet$ $c(\pi_{v})=1$ $\pi_{v}$ 2 $\chi$
$\sigma(\chi_{v}| |_{v}^{1/2}, \chi_{v}|\cdot|_{v}^{-1/2})$
$(0\leq k\leq n-1)$$c_{\pi_{v}}(n, k)= \{\frac{1}{q_{v}^{n-k}\chi_{v}(\varpi_{v})^{n-k}}$
$\bullet$ $c(\pi_{v})=0$ $\pi_{v}$ $(\alpha, \alpha^{-1})$
$c_{\pi_{v}}(n, k)=\{\begin{array}{ll}\frac{q_{v}\sum_{j=0}^{n}\alpha^{2j}-\sum_{j=1}^{n-1}\alpha^{2j}}{\alpha^{n}q_{v}^{n/2}(1+q_{v})} (k=0)\frac{\sum_{j=0}^{n-k}\alpha^{2j}}{\alpha^{n-k}q_{v}^{(n-k)/2}} (1\leq k\leq n-1)\end{array}$





$Z(s, \eta, \varphi) :=\int_{F^{\cross}\backslash \mathbb{A}^{\cross}}\varphi(\begin{array}{ll}t 0O 1\end{array}) \eta(t)|t|_{\mathbb{A}}^{s-1/2}d^{\cross}t, s\in \mathbb{C}$







$(j_{v})_{v\in S(nf_{\pi}^{-1})}(j_{v}\in\{0, \ldots, n_{v}\})$ $\cong\otimes_{v\in\Sigma_{F}}V\pi$
$\bigotimes_{v\in\Sigma_{\infty}}\phi_{0,v}\otimes \otimes \phi_{j_{v},v}\otimes \otimes \phi_{0,v}$
$v\in S(\mathfrak{n}f_{\pi}^{-1}) v\in\Sigma fin-S(\mathfrak{n}f_{\pi}^{-1})$
$\varphi_{\pi,\rho}\in V_{\pi}^{K_{\infty}K_{0}(\mathfrak{n})}$




Lemma 10. $v\in\Sigma fin$ $k\in\{0, \ldots, n\}$ $F_{v}^{\cross}$
$\eta_{v}$ $Q_{k,v}^{\pi_{v}}(\eta_{v}, X)\in C[X]$
$Q_{k,v}^{\pi_{v}}( \eta_{v}, X)=\eta_{v}(\varpi_{v})^{k}X^{k}-\sum_{j=0}^{k-1}c_{\pi_{v}}(k,j)Q_{j,v}^{\pi_{v}}(\eta_{v}, X)$ ,
$Q_{0,v}^{\pi_{v}}(\eta_{v}, X)=1,$
$Z(s, \eta_{v}, \phi_{k,v})=Q_{k,v}^{\pi_{v}}(\eta_{v}, q_{v}^{1/2-s})Z(s, \eta_{v}, \phi_{0,v})$
Corollary 11.
$\bullet$ $c(\pi_{v})=0$ $\pi_{v}$ $(\alpha, \alpha^{-1})$
$Q_{k,v}^{\pi_{v}}(\eta_{v}, X)$
$=\{\begin{array}{l}1 (if k=0)\eta_{v}(\varpi_{v})X-\frac{\alpha+\alpha^{-1}}{q_{v}^{1/2}+q_{v}^{-1/2}} (if k=1)q_{v}^{-1}\eta_{v}(\varpi_{v})^{k-2}X^{k-2}(\alpha q_{v}^{1/2}\eta_{v}(\varpi_{v})X-1)(\alpha^{-1}q_{v}^{1/2}\eta_{v}(\varpi_{v})X-1)(if k\geq 2)\end{array}$
$\bullet$ $c(\pi_{ })=1$ $\pi_{v}$ $\sigma(\chi_{v}|\cdot|_{v}^{1/2}, \chi |\cdot|_{v}^{-1/2})$ ( $\chi$
2 )
$Q_{k,v}^{\pi_{v}}(\eta_{v}, X)=\{\begin{array}{ll}1 (if k=0)\eta_{v}(\varpi_{v})^{k-1}X^{k-1}(\eta_{v}(\varpi_{v})X-q_{v}^{-1}\chi_{v}(\varpi_{v})^{-1}) (if k\geq 1)\end{array}$
$\bullet c(\pi_{v})\geq 2$
$Q_{k,v}^{\pi_{v}}(\eta_{v}, X)=\eta_{v}(\varpi_{v})^{k}X^{k}, k\in \mathbb{N}_{0}$
$(\star)$ $\mathbb{A}^{\cross}/F^{\cross}$ Hecke $\eta$ $\eta$
$\varphi\in V_{\pi}^{K_{\infty}K_{0}(n)}$ :
$Z^{*}(s, \eta, \varphi)=\eta fin(x_{\eta,fin})Z(s, \eta, \pi(\begin{array}{ll}1 x_{\eta}0 1\end{array})\varphi) , s\in \mathbb{C}.$
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$x_{\eta}=(x_{\eta,v})_{v\in\Sigma_{F}}\in \mathbb{A}$ #






$Z^{*}(s, \eta, \varphi_{\pi,\rho})=D_{F}^{s-1/2}\mathcal{G}(\eta)\{\prod_{v\inS(nf_{\pi}^{-1})}Q_{j_{v},v}^{\pi_{v}}(\eta_{v}, q_{v}^{1/2-s})\}L(s, \pi\otimes\eta)$
.
Lemma 13. [9, Lemma 49]




Proof of Theorem 1. $\rho$
Proposition 12
$P_{reg}^{\eta}(\varphi_{\pi,\rho}) = Z^{*}(1/2, \eta, \varphi)$
$= \mathcal{G}(\eta)\{\prod_{v\in S(nf_{\pi}^{-})}Q_{j_{v},v}^{\pi_{v}}(\eta_{v}, 1)\}L(1/2, \pi\otimes\eta)1^{\cdot}$
Theorem 1
$Q_{\pi,\rho}(\eta)$ $v$-
Remark 14. Corollary 11
$\bullet c(\pi_{v})=0$
$Q_{k,v}^{\pi_{v}}(\eta_{v}, 1)$
$=\{\begin{array}{ll}1 (if k=0)\eta_{v}(\varpi_{v})-\frac{\alpha+\alpha^{-1}}{q_{v}^{1/2}+q_{v}^{-1/2}} (if k=1)q_{v}^{-1}\eta_{v}(\varpi_{v})^{k-2}(\alpha q_{v}^{1/2}\eta_{v}(\varpi_{v})-1)(\alpha^{-1}q_{v}^{1/2}\eta_{v}(\varpi_{v})-1) (if k\geq 2)\end{array}$
$\bullet c(\pi_{v})=1$
$Q_{k,v}^{\pi_{v}}(\eta_{v}, 1)=\{\begin{array}{ll}1 (if k=0)\eta_{v}(\varpi_{v})^{k-1}(\eta_{v}(\varpi_{v})-q_{v}^{-1}\chi_{v}(\varpi_{v})^{-1}) (if k\geq 1)\end{array}$
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$\bullet c(\pi_{v})\geq 2$ $Q_{k,v}^{\pi_{v}}(\eta_{v}, 1)=\eta_{v}(\varpi_{v})^{k},$ $k\in \mathbb{N}_{0}.$
6. THE SKETCH OF THE PROOF OF THEOREM 2
Theorem 2




$(\star\star)$ $K_{v}$ Haar $dk_{v}$ $vol(K_{v}, dk_{v})=1$
$K$ Haar $dk= \prod_{v\in\Sigma_{F}}dk_{v}$
$\nu\in i\mathbb{R}$ $I(\chi| |_{A}^{\nu/2})$ unitarizable $G_{A}$-
$($ . $|$ $)$ :
$(f_{1}|f_{2})= \int_{K}f_{1}(k)\overline{f_{2}(k)}dk, f_{1}, f_{2}\in I(\chi| |_{A}^{\nu/2})$ .
$v\in\Sigma_{F}$ $I(\chi_{v}| |_{v}^{\nu/2})$ $v\in i\mathbb{R}$ $G_{v}$
$(\cdot|\cdot)_{v }I(\chi_{v}|\cdot|_{v}^{\nu/2})$
$I(\chi| |_{A}^{\nu/2})^{K_{\infty}}$Ko(n)
$v\in\Sigma_{\infty}$ $I(\chi_{v}|\cdot|_{v}^{\nu/2})$ spherical $f_{0,\chi}^{(\nu)_{ }}$ $f_{0,\chi_{v}}^{(\nu)}(e)=1$
( $e$ $G_{F_{v}}$ )
$v\in S(f_{x})$ [6, Proposition 2.1.2]
local new form
Proposition 15. $I(\chi_{v}| . |_{v}^{\nu/2})$Ko
$(\mathfrak{p}_{v}^{2f(\chi v)})$ 1
$I(\chi_{v}| . |_{v}^{\nu/2})$Ko $(\mathfrak{p}_{v}^{2f(\chi_{v})})$ $f_{0,\chi_{v}}^{(\nu)}$
$f_{0,\chi_{v}}^{(\nu)}(g)=\{\begin{array}{l}\chi_{v}(\varpi_{v}^{-f(\chi_{v})})q_{v}^{f(\chi_{v})\nu/2}\chi_{v}(a/d)|a/d|_{v}^{(\nu+1)/2}(if g\in[Matrix]\gamma_{f(\chi_{v})+1}K_{0}(\mathfrak{p}_{v}^{2f(\chi_{v})}), a,d\in F_{v}^{\cross})0 (if g\not\in B_{F}\gamma_{f(\chi_{v})+1}K_{0}(\mathfrak{p}_{v}^{2f(\chi_{v})}))\end{array}$
$\gamma_{i}=\Vert_{01}^{1}\varpi_{v}^{i-1})01) (if(ifi=0)i\in \mathbb{N})$





Proposition 16. $k\in\{0, . . . , n\}$ $\tilde{f}_{k,\chi_{v}}^{(\nu)}$ $K_{v}$
$v\in \mathbb{C}$ $v\in i\mathbb{R}$ $\{\tilde{f}_{k,\chi_{v}}^{(v)}|k\in$
$\{0, \ldots, n\}\}$ $I(\chi_{v}| |_{v}^{\nu/2})^{K_{0}(\mathfrak{p}_{v}^{2f(\chi_{v})+n})}$
$v\in\Sigma fin-S(f_{\chi})$ $I(\chi_{v}| |_{v}^{\nu/2})$ spherical
$f_{0,\chi_{v}}^{(\nu)}$ $f_{0,\chi_{v}}^{(\nu)}(e)=1$ $n\in \mathbb{N}_{0}$
$k\in\{1, \ldots, n\}$
$f_{k,\chi_{v}}^{(\nu)}:= \pi_{v}(\begin{array}{ll}\varpi_{v}^{-k} 00 1\end{array})f_{0,\chi_{v}}^{(v)}- \sum_{j=0}^{k-1}c_{\chi_{v}}^{(\nu)}(k, j)f_{j,\chi_{v}}^{(\nu)}$
$\{c_{\chi_{v}}^{(\nu)}(k,j)\}_{1\leq k\leq n,0\leq j\leq k-1}$
$c_{\chi_{v}}^{(v)}(k, j)=\{\begin{array}{ll}\frac{q_{v}\sum_{l=0}^{k}a^{2l}-\sum_{l=1}^{k-1}a^{2l}}{a^{k}q_{v}^{k/2}(1+q_{v})} (if j=0)\frac{\sum_{l=0}^{k-j}a^{2l}}{a^{k-j}q_{v}^{(k-j)/2}} (if 1\leq j\leq k-1)\end{array}$
$a:=\chi_{v}(\varpi_{v})q_{v}^{-\nu/2}$
$\nu\in i\mathbb{R}$ Proposition 7 Corollary 8 $\{f_{k,\chi_{v}}^{(\nu)}|k\in$
$\{0, \ldots, n\}\}$ $I(\chi_{v}|\cdot|_{v}^{\nu/2})^{K_{0}(\mathfrak{p}_{v}^{n})}$
$k\in\{0, \ldots, n\}$
$\tilde{f}_{k,\chi_{v}}^{(\nu)}:=\{\begin{array}{ll}f_{0,\chi_{v}}^{(\nu)} (if k=0)(1+q_{v}^{-1})q_{v}^{-\nu/2}L(1+v, \chi_{v}^{2})f_{1,\chi_{v}}^{(\nu)} (if k=1)(\frac{q_{v}+1}{q_{v}-1})^{1/2}q_{v}^{-k\nu/2}L(1+v, \chi_{v}^{2})f_{k,\chi_{v}}^{(\nu)} (if 2\leq k\leq n)\end{array}$
$\nu$ $f_{k,\chi_{v}}^{(\nu)}$
Proposition 17. $k\in\{0, . . . , n\}$ $\tilde{f}_{k,\chi_{v}}^{(\nu)}$ $K_{v}$
$v\in \mathbb{C}$ $v\in i\mathbb{R}$ $\{\tilde{f}_{k,\chi_{v}}^{(1J)}|k\in\{0, \ldots, n\}\}$
$I(\chi_{v}| |_{v}^{v/2})^{K_{0}(\mathfrak{p}_{v}^{n})}$
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$\bigotimes_{v\in\Sigma_{\infty}}f_{0,\chi_{v}}^{(\nu)}\otimes \otimes \tilde{f}_{j_{v},\chi_{v}}^{(\nu)} \otimes \tilde{f}_{0,\chi_{v}}^{(\nu)}$
$v\in S(\mathfrak{n}f_{x}^{-2}) v\in\Sigma fin-S(\mathfrak{n}f_{x}^{-2})$
$f_{\chi,\rho}^{(\nu)}\in I(\chi| |_{A}^{\nu/2})^{K_{\infty}}$Ko $(\mathfrak{n})$ Proposition 16
Proposition 17
Proposition 18. $\rho$ $f_{\chi,\rho}^{(\nu)}$ $K$ $v$
$\nu\in i\mathbb{R}$
1 $f_{\chi,\rho}^{(\nu)}\}_{\rho}$ $I(\chi| |_{A}^{\nu/2})^{K_{\infty}K_{0}(\mathfrak{n})}$
$\rho$ f Eisenstein $E_{\chi,\rho}(v, g)$




$R_{0}(\rho);=(\{v\in s(\mathfrak{n}f_{\chi}^{-2})|j_{v}=0\})\cap S(f_{x}))\cup(S(f_{x})-S(\mathfrak{n}f_{\chi}^{-2}))$ .
$k\geq 0$
$S_{k}(\rho):=\{\begin{array}{ll}R_{0}(\rho) (if k=0)U_{k}(\rho)\cup R_{k}(\rho) (if k\geq 1) ’\end{array}$




$v\in\Sigma fin-S(f_{\eta})$ $k\in \mathbb{N}_{0}$










$E_{\chi,\rho}^{\natural}(v, g)$ $:=E_{\chi,\rho}(v, g)-E_{\chi,\rho}^{O}(v, g)$ $E_{\chi,\rho}^{\natural}(v, -)$ $B_{F}$ -
$Z^{*}(\mathcal{S}, \eta, E_{\chi,\rho}^{\natural}(v, -))=(2\pi)^{\#\Sigma_{\mathbb{C}}}\mathcal{G}(\eta)D_{F}^{-\nu/2}N(f_{\chi})^{1/2-\nu}$
$\cross B_{\chi,\rho}^{\eta}(s, \nu)\frac{L(s+v/2,\chi\eta)L(s-v/2,\chi^{-1}\eta)}{L(1+v,\chi^{2})},$
$B_{\chi,\rho}^{\eta}(s, v)$






$s(f_{\chi})=\emptyset$ $\nu\in i\mathbb{R}$ $P_{\beta,\lambda}^{\eta}(E_{\chi,\rho}(v, -))$ ${\rm Re}(\lambda)>$
$1$ $(\beta, \lambda)\in \mathcal{B}\cross \mathbb{C}$ $s(f_{\chi})\neq\emptyset$
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Proof. $s(f_{\chi})\neq\emptyset$ $v\in S(f_{\chi})$
local new form $t\in \mathbb{A}^{\cross}/F^{\cross}$
$E_{\chi,\rho}^{o}(\nu, (\begin{array}{ll}t 00 1\end{array})(\begin{array}{ll}1 x_{\eta}0 1\end{array}))=0$
$P_{\beta,\lambda}^{\eta}(E_{\chi,\rho}^{o}(v, -))=0$ $(\beta, \lambda)\in$
$\mathcal{B}\cross \mathbb{C}$ $f_{\chi,\rho}^{\eta}(z, v)$ $:=Z^{*}(z+1/2, \eta, E_{\chi,\rho}^{\natural}(v, -))$
Proposition 19 $s(f_{x})\neq\emptyset$ $f_{\chi,\rho}^{\eta}(z, \nu)$ $z$
$P_{\beta,\lambda}^{\eta}(E_{\chi,\rho}(v, -))=P_{\beta,\lambda}^{\eta}(E_{\chi,\rho}^{\natural}(\nu, -))$
$= \int_{F^{\cross}\backslash A^{\cross}}\{\hat{\beta}_{\lambda}(|t|_{A})+\hat{\beta}_{\lambda}(|t|_{A}^{-1})\}E_{\chi,\rho}^{\natural}(\nu, (\begin{array}{ll}t 00 1\end{array}) (\begin{array}{ll}1 x_{\eta}0 1\end{array}))$
$\cross\eta(t)\eta fin(x_{\eta,fin})d^{\cross}t$
$= \frac{1}{2\pi i}\int_{\sigma-i\infty}^{\sigma+i\infty}\{f_{\chi,\rho}^{\eta}(z, \nu)+f_{\chi,\rho}^{\eta}(-z, v)\}\frac{\beta(z)}{\lambda+z}dz$
$\sigma>-{\rm Re}(\lambda)$ $(\beta, \lambda)\in \mathcal{B}\cross \mathbb{C}$
$P_{\beta,\lambda}^{\eta}(E_{\chi,\rho}(\nu, -))$ $P_{\beta,\lambda}^{\eta}(E_{\chi,\rho}(\nu, -))$
$\lambda$
$CT_{\lambda=0}P_{\beta,\lambda}^{\eta}(E_{\chi,\rho}(\nu, -))=\frac{1}{2\pi i}l_{-i\infty}^{\sigma+i\infty}\{f_{\chi,\rho}^{\eta}(z, v)+f_{\chi,\rho}^{\eta}(-z, \nu)\}\frac{\beta(z)}{z}dz$
$= \frac{1}{2\pi i}(l_{-i\infty}^{\sigma+i\infty}-\int_{-\sigma-i\infty}^{-\sigma+i\infty})f_{\chi,\rho}^{\eta}(z, \nu)\frac{\beta(z)}{z}dz$
$={\rm Res}_{z=0} \{f_{\chi,\rho}^{\eta}(z, v)\frac{\beta(z)}{z}\}$
$=f_{\chi,\rho}^{\eta}(0, v)\beta(0)$
$=Z^{*}(1/2, \eta, E_{\chi,\rho}^{\natural}(v, -))\beta(0)$
Proposition 19 $\eta$-
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